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1 Abstract

The LASSO is an L; penalized regression technique introduced by Tibshirani [1996]. An efficient
algorithm called the ”shooting algorithm” was proposed by Fu [1998] for solving the LASSO problem
in the multiparameter case. In this tutorial, we present a simple and self-contained derivation of
the LASSO shooting algorithm.

2 Code distribution for LASSO shooting

MATLAB (www.mathworks. com) code for solving a LASSO problem using the ”shooting algorithm”
and estimating the regularization parameter can be downloaded from:

http://wuw.gautampendse.com/software/lasso/webpage/lasso_shooting.html
This software is freely made available under the creative commons attribution license:

http://creativecommons.org/licenses/by/3.0/

3 Notation

e Scalars will be denoted in a non-bold font possibly with subscripts (e.g. A, ;). We will use
bold face lower case letters possibly with subscripts to denote vectors (e.g. y,x, 3, z1) and
bold face upper case letters possibly with subscripts to denote matrices (e.g. X, B1). The
ith element of a vector & will be denoted by z; in non-bold font.

e The transpose of a matrix X will be denoted by X7 and its inverse will be denoted by X .
We will denote the p x p identity matrix by I,,. A vector or matrix of all zeros will be denoted
by a bold face zero 0 whose size should be clear from context.

1
e The g-norm of a p x 1 vector 8 will be denoted by ||8||, = < b ]ﬁi|q> " where |3;| denotes

the absolute value of g;.

4 Introduction

Given n feature vectors of length p arranged in the rows of a design matrix X we would like to
predict the n x 1 observed response vector y via a linear model. LASSO solves the following L
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regularized optimization problem:

ming h(8) = L[|y — XBI3+ N|Bl|1, where A >0 (4.1)
where (4.2)

B is a p x 1 vector (4.3)

y is an x 1 vector (4.4)

X is a n x p matrix (4.5)

We assume that n > p. The penalty term in 4.1 is a 1-norm penalty or simply the sum of the
absolute values of the components of 3. As we shall see this penalty term encourages sparsity in the
components of the solution vector 3 and thus automatically leads to feature/model selection. In
addition, the penalty term regularizes the solution vector 3 and hence prevents overfitting.

5 Preliminaries

In this section, we give some background material that is necessary for a clear understanding of how
LASSO works. We will cover some basic relationships between convexity, positive semidefiniteness,
local and global minimizers.

Definition 5.1 (Convexity). A set D is convex if for any x1,z2 € D and all a € (0,1),
ax; + (1 — a)xzy € D. A function f(x) is convex if (1) its domain D is convex and (2) f(x) =
floawr + (1 = a)xe) < af (@1) + (1 — @) f(z2).

Definition 5.2 (PSD). A p x p matrix H is positive semidefinite (PSD) if for all p x 1 vectors z
we have zT Hz > 0.

Proposition 5.3 (PSD Hessian implies Convexity). Suppose x is a p X 1 vector and f(x) is a

scalar function of p variables with continuous second order derivatives defined on a convexr domain
D. If the Hessian V2 f(x) is positive semidefinite for all x € D then f is convex.

Proof. By Taylor’s theorem for all ,x + h € D we can write:
1
flx+h)=f(x)+Vf(x)Th+ 5h,TVQf(a:Jreh)h (5.1)

for some 6 € (0, 1). By assumption, the Hessian V2 f(z + 0h) is positive semidefinite and hence
hTV2f(x 4+ 6h)h > 0. Hence for all ¢, + h € D we can write:

f@+h)> f(x)+ Vf(x)h (5.2)



Letting « + h = y we can also write the above equation as:

fy) = f(@)+ V(@) (y—2) Yo,y €D (5.3)

Now let «; and x2 be any two points in D and let a € (0,1) be a scalar. Then by the convexity of
D, x=ax1+ (1 —a)xs € D.
By 5.3 we can write:

f@1) > f(a) + Vf(x) (21— x) (5.4)
and

fl@2) = f(2) + V(@) (x2 — ) (5:5)
Multiplying 5.4 by a and 5.5 by (1 — «) and adding we get:

af(@) + (1 —a)f(z2) > f(z) + V(@) (az1 + (1 - )2z — @)
= f(z)

Hence f(x) is convex.

Proposition 5.4. If f(x) and g(x) are convex functions defined on a convex domain D then
r(x) = f(x) + g(x) is also convex on D.

Proof. Suppose x1,x2 € D and let © = axy + (1 — a)xy for some « € (0,1). Since D is convex we
have x € D. Now

r(x) =r(az; + (1 — a)xs) (5.7)

= f(ax1 + (1 — a)x2) + g(ax; + (1 — a)x2) (5.8)

<af(e) + (1 —a)f(x2) + ag(®) + (1 —a)g(wz) by convexity of fandg  (5.9)

=ar(x1) + (1 — a)r(xa) (5.10)

Hence r(x) is convex.
O

Proposition 5.5 (LASSO objective is convex). The LASSO objective function h(B) in equation
4.1 18 convew.

Proof. We can write the LASSO objective as:

h(B) = f(B) +9(B) (5.11)



where f(8) = 3|y — X3 and g(8) = A||B|]1. Note that the domain of both functions f and g is
R? which is convex.

The Hessian of f(8) is V2f(8) = X1 X. For any p x 1 vector z: 2/’ X7 Xz = || X z||3 > 0. Hence
V2f(PB) is positive semidefinite. Hence by proposition 5.3 f(3) is convex.

For any 31,3, and any « € (0,1), let 8 = aB; + (1 — @)B5. Then

9(B) = AlaB; + (1 — a)B:|lx (5.12)

< MlaBqlli + A1 —a)Bs1 Triangle inequality (5.13)

=Aa|Byllr + A (1 =) [|B2|h (5.14)

=ag(B) + (1 —a)g(By) (5.15)

Hence g(3) is convex. Since f(3) and g(3) are both convex, by proposition 5.4 h(3) = f(3)+g(3)

is also convex.

Proposition 5.6. If f(x) is a convex function defined for x € D with convexr D then any local
minimizer of f on D is a global minimizer of f on D.

Proof. Suppose x* is a local minimizer but not a global minimizer. Then there exists a global

minimizer :132 such that:

flzy) < f(z7) (5.16)
In addition, since * is a local minimizer we must have:
f(y) > f(x") for all y € nbhd(z") (5.17)

Here nbhd(z*) is a local neighborhood of x*. By the convexity of f and D, for any o € (0,1) we
can write:

flaz® + (1 - a)zy) < af(z”) + (1 - a)f(z,) (5.18)
<af(x*)+(1—a)f(x) using 5.16 (5.19)
= f(z") (5.20)

For sufficiently small o such that y = az™ + (1 — o)z, € nbhd(z*) we get:

f(y) < f(x*) with y € nbhd(z") using 5.18 (5.21)

Comparing 5.17 and 5.21 we have a contradiction. Hence we must have f(x;) > f(x*). However,
since x; is a global minimizer we must also have f(x}) < f(z*). Therefore we must have f(z;) =
f(x*). In other words, the local minimizer * is also a global minimizer as claimed. O

Remark 5.7. Note that «* is not necessarily equal to zj in proposition 5.6. It is quite possible
that =* # x; but at the same time the convexity of f and D will imply that f(x}) = f(z*).



6 Derivation of the LASSO ”shooting algorithm”

In this section, we present a simple derivation of the ”shooting algorithm”. First, we consider the
case of single variable optimization, i.e., when p = 1. Next, we show how this simple case can be
applied to the multi parameter situation via the ”shooting algorithm”.

6.1 Single variable case: p =1

The optimization problem 4.1 is non-smooth because of the presence of the L; penalty term. We
can convert this problem into a smooth one by introducing a new scalar variable ¢. The next
proposition establishes the link between the two optimization problems.

Proposition 6.1. Suppose B € R is a scalar and x and y are n x 1 vectors. Consider the 1-D
optimization problem

ming h(B) = § ||y — a5 + AlB|, where A >0 (6.1)
Suppose 3] is the solution to 6.1. Consider another 1-D optimization problem:
ming h(B) = % ||y — zB|[3 + At, where A >0 (6.2)
t—=p20 (6.3)
t+5>0 (6.4)

Suppose (B*,t*) is the solution to 6.2. Then * = (7.

Proof. By proposition 5.5 the objective function in 6.1 is convex. Suppose (t1, 31) and (t2, 32) satisfy
the constraints in 6.2. Thent1—08; > 0and t1+061 > 0. Alsoto—02 > 0 and t9+F2 > 0. Now let o €
(0,1) and let t = at;+(1—a)tz and § = af1+(1—a)B2. Thent—pF = a(ti—pF1)+(1—a)(ta—F2) > 0.
Similarly, t + 8 = a(t1 + 81) + (1 — a)(t2 + B2) > 0. Hence (¢, 3) also satisfy the constraints. This
implies that the constraints define a convex set. The Hessian of the objective function in 6.2 is
H(B,t) = (mgw 8). Clearly, this is positive semidefinite. Hence by proposition 5.3, the optimization
problem in 6.2 is convex. Hence by proposition 5.6 any local minimizer of 6.1 or 6.2 is also a global
minimizer.

Since (5*,t*) is the local (and hence global) solution of 6.2, for all (3,t) such that ¢t — 5 > 0 and
t+ 0 > 0 we can write:
3y — @B+ X" < 5 lly —afll5 + Mt (6.5)

In particular, 8 = ] and t = |57| satisfy the constraints in 6.2 and hence we can write:

3y — 2B |3+ 2" < 5 |ly — 261|[5 + A7 (6.6)



Since 37 is a global minimizer of 6.1 we can write:
3 1y — 26513 + MBI < 3 lly — 2675 + A5 (6.7)
Adding 6.6 and 6.7 and simplifying we get:
t* <67 (6.8)

But t* satisfies t* > * and t* > —(* i.e., t* > |5*|. From 6.8 we must therefore have:

=[5 (6.9)
Substituting 6.9 in 6.6 we get:
3 lly — 2673 + M5 < 3 lly — 257113 + Al (6.10)
From 6.10 and 6.7 we must have:
3y — 2675 + A6 = § lly — =615 + Al (6.11)
Expanding we get:
5Ty + 50 e e -y wp + NG =y y + 3 (6) " -y apy + A5 (6.12)
Case 1: A = 0: In this case, S ||ly — 5|2 + |3 = % ||y — xB{||3 which is minimized for
2 1112 1 2 1112

Bt = yTax/xTx. Similarly § ||ly—aB*|3+At* = 3 |ly—=*||3 which is minimized for 8* = yTz/z” .
Hence, in this case we have §* = ] = ylz/x"x.

Case 2: A\ # 0 and y"x = 0: In this case, 1 ||y — z537[13 + \B;| = 39Ty + 3(37)%xTz + \|B;|
which is minimized for 8} = 0. Similarly, 1 ||y — @8*[|3 + At* = ||y — xB*(|3 + A|B*| = 3y y +
%(ﬁ*)sz:ﬂ + A|5*| which is minimized for 5* = 0. Hence, in this case we have g* = g7 = 0.

Case 3: A # 0 and y’x # 0: Equation 6.12 holds for all values of A, & and y. Equating the
terms containing A we must have:

167 =151 (6.13)
Equation 6.13 already ensures that %(ﬁ*)QmT:B = %(ﬁ’f)QwT:ﬁ. Equating the coefficient of y”x on
both sides of 6.12 we get:
T * T *
-~y zf =y xf] (6.14)



Since yTx # 0, we must have * = B7 which is consistent with 6.13.

Hence in all cases, we have * = 3] as claimed.

O
Proposition 6.2. Consider another 1-D optimization problem:
ming h(B) = % ||y — xB|5 + At, where X >0 (6.15)
t—B8>0 (6.16)
t+06>0 (6.17)
Suppose x # 0 and suppose (B*,t*) is the solution to 6.15. Then [5* is given by:
(yii;” ifyTe — XA >0,
T
Br=q Wty Te <0, (6.18)
0 if = A<yTz <A\
Proof. The Lagrangian for the optimization problem 6.15 is:
L(B.t, M, h2) = 5 [ly — zBI[5 + M — Ai(t = §) = Aa(t + ) (6.19)
The Karush-Kuhn-Tucker (KKT) necessary conditions of optimality for (5*,t*) are:
oL
—=0=fz"z=y"z+ -\
op
oL
—=0= A +X=A
ot 1+ A2
t—=32>0 . .
Inequality constraints
t+B>0
A1 >0 e
Positivity of A1, Ao
A2 >0
ME—8)=0
{t=A) Complementarity constraints (6.20)
Aa(t+3)=0

If y"x = 0 then as shown in proposition 6.1 Case 1 and Case 2, #* = 0. Thus we assume without
loss of generality that y”a # 0.



Case 1: y“x — X > 0: From 6.20 Ba’x = yTx + Xy — Ay and \; + Ao = . Thus fzla =
yTx — XA+ 2)y. Since Ay > 0 (by 6.20) and y”x — A > 0 (by assumption in Case 1) we have that:

Baxlz=(yle—X)+2X >0 (6.21)

Since x # 0 we must have § > 0. Also, adding the inequality constraints in 6.20 we have ¢ > 0.
Hence in Case 1, we must have (¢ 4+ ) > 0. Hence the complementarity constraints in 6.20 imply
that Ao = 0. Hence from 6.21 we have:

(y"z — )\
xTx

8= (6.22)

Case 2: y“x + )X < 0: From 6.20 fax = yTx + Xa — X\ and \; + Ao = A. Thus fzla =
yT'x + X —2\;. Since A\; > 0 (by 6.20) and y’x + X\ < 0 (by assumption in Case 2) we have that:

Balx = (y"z+ ) -2\ <0 (6.23)

Since « # 0 we must have § < 0. Since t > || > 0, in Case 2, we must have (t — 3) > 0. Hence
the complementarity constraints in 6.20 imply that A; = 0. Hence from 6.23 we have that:

(y"x+ )
Tz

8= (6.24)

Case 3: —\ <ylx <\ If 3> 0then (t+3) > 0 which implies A2 = 0 (complementarity) and as

in 6.22 8 = (yiiﬁi;k) However y"x — A < 0 in Case 3 which means $ < 0 which is a contradiction.

Similarly, if 8 < 0 then (¢t — ) > 0 which implies Ay = 0 (complementarity) and as in 6.24

T
3= % By assumption in Case 3 yT@ + X\ > 0 which means 3 > 0 which is a contradiction.
The only way to avoid contradiction is to choose 3 = 0 which leads to the following valid selection

of lagrange multipliers:

B A+ ylx

A >0 (6.25)

2
AN—ylx
2

Ay = >0 (6.26)

It can be checked that 3 =0, t = 0 and A1, A2 as given in 6.25 satisfy the all the KKT conditions
of optimality in 6.20. Hence in all cases, §* is given by 6.18 as claimed. O



6.2 Multiple variable case: p > 1

In this section we describe the co-ordinate wise optimization approach of Fu [1998] which is also
known as the ”shooting algorithm” and show that it converges to the global minimum of the LASSO
objective function.

The LASSO objective function is a sum of two convex functions one of which is non-differentiable.
However, the non-differentiable part is separable in the individual co-ordinate wise components.
As shown in Tseng [1988], for optimization problems with this structure, the co-ordinate wise op-
timization approach to converges to a global minimum. This same property also holds in the case
of blockwise co-ordinate optimization as shown in Tseng [2001]. As discussed in Friedman et al.
[2007], a similar co-ordinate wise approach can also be applied to other methods related to LASSO
such as the "elastic net”.

Proposition 6.3. Consider the LASSO optimization problem:
ming h(B) = 3 |ly — X813 + Al|Bl|1, where x>0 (6.27)
Let X = [m17m27 ) mp]) IB = [ﬂlaﬁ?a cee ,ﬂp}T} X(il) — [mlv ey Lg—1, L1y ey mp] and B(_Z) =
B1,. -, Biz1, Bit1, - - - ,ﬂp]T. Consider the following solution approach:
o [nitialize B3 = By (using for instance least squares, reqularized least squares or randomly)
e Fork=0,1,2,...,m repeat
— Compute fr, = h(0).
— Fori=1,2,...)p

1. Using the current value of ﬁ(_i) solve the following 1-D optimization problem w.r.t.
Bi
ming, I (8;) = % |ly; — @:Bil13 + AlBi| + MBI (6.28)

where ' .
y, =y - X000 (6.29)

2. Suppose (37 is the solution to 6.28 then update the ith element of B to be equal to 3}
i.e., set B; = B}

Then the sequence of iterates fi, fa,..., fm converge to the co-ordinate wise minimum of h(B) in
0.27 as m — oo.

Proof. 1t is easy to see that:

h(B) =3 |ly — XBII5+ MBIl = 5 ly; — =:Bill3 + M| + MIB|y (6.30)

10



where y; is defined in 6.29. If 37 solves the convex optimization problem 6.28 then we must have:
3 llys — 287115 + AT+ AIBCIL < 5 llys —aaBill + sl + MBI =h(8) (631

If B,,.., is the new vector obtained by updating the ¢th component of 3 to be equal to 3] then we
can re-write 6.31 as:

h(Brew) < h(B) (6.32)

Hence we see that every iteration in the inner for loop (i = 1,2,...,p) decreases the objective
function. This implies that:

frr1 < fi for all k (6.33)

Suppose f is the greatest lower bound on the sequence {fx}. Then f < fg for all k. Choose any
€ > 0. Then

frte>f (6.34)
Also f + € is not the greatest lower bound. Hence there exists ng such that
foo < f+e (6.35)
Since k > ng implies fi < fn, we conclude that:
fr < fro < f+eif k> ng (6.36)

Hence for all k > ng we have: R R
f—-e<fu<f+e (6.37)

In other words, the sequence { f} converges to f . If we cycle through all the co-ordinate directions
until convergence then f will be the co-ordinate wise minimum of h(/3).
O

Proposition 6.4. Suppose 3 is the co-ordinate wise minimum of h(B):
h(B + d;e;) > h(B) where §; # 0 (6.38)

and e; is a vector with a 1 at position i and zeros elsewhere. Then for any vector p in some open
neighborhood of 3:

h(B+ p) > h(B) (6.39)

i.e., B is a local minimizer of h(B). Since h(B) is convex this implies that B is also a global
minimizer.

11



Proof. Recall that we can write the LASSO objective as:

h(B) = f(B) +9(B)

where
£B) = Slly — XBII3
p
9(B) = N8l =2 _ |8
=1

Hence we can write:

-~

hB+p)=f(B+p)+9(B+p)

p
=fB)+p"VI(B) + 30" X" Xp+ 21D |6+ pil
=1

p p p
=B+ 2D _ 1Bl +p"VFB) + ip" XTXp+ 2D |Bi+pil - 2D B

i=1 =1 i=1

p p
=fB)+9B) +pP VB +ip" XTXp+ A |Bi+pil = 2D _|6i]

=1 i=1

p p
=h(B)+p"VFB) + p" X TXp+ XD 1B+l - A 15
i=1 i=1

Let p = d;e; in 6.43 with §; # 0 then we can write:
h(B + diei) = h(B) + 0ie] VF(B) + 307 e] XT Xei + A|f; + 6i] = |
By assumption h(3 + d;e;) > h(B) and so we must have:

5:elV(B) + Lo2el XT X ei + A + 8i| — M3 > 0

(6.40)

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

(6.49)

(6.50)

The above relationship holds for all §; not matter how small. By choosing |§;| sufficiently small, we
can make the term 162e?” X7 Xe; arbitrarily close to 0. Hence there exists 6; > 0 such that for all

271 1
0; € (—6;,0;) the following holds:

5TV £(B) + N Bi + 6| — \|Bi] >0

12
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Now let .
p=Y de (6.52)
i=1

then from 6.43 we get:

p p P
h(B+p)=h(B)+ ) 6iel VI(B)+5p" X " Xp+AY |6 +6i| =AY 6] (6.53)

i=1 =1 i=1

Note that 6.51 implies:
P . P P
D 6iel VEB) + A 1B+l = A 18] =0 (6.54)
i=1 i=1 i=1

Therefore from 6.53 and 6.54 we must have:

P P P
hB+p)=h(B)+ ) 8ie] VFB) + 50" X Xp+ ) |0 +6 =AY |5 (6.55)
i=1 i=1 i=1
> n(B)+3p" X" Xp (6.56)
> h(B) by the positive semi-definiteness of X T X (6.57)

In other words, we have found an open neighborhood with §; € (—6;,6;),0; > 0 such that for all p
of the form 6.52, h(B + p) > h(B). This implies that the co-ordinate wise minimizer 3 is actually
a local minimizer (and hence by convexity a global minimizer) of h(3). O

7 How to choose \?

The L; regularization parameter for LASSO can be chosen using cross validation. In brief,
given data (X,y), we partition the rows of X and y into K parts giving us K data/response
pairs: (X1,v;),(X2,Y3),...,(XK,yr). Let (X(fi),y(_i)) be the data/response pair obtained
by deleting the ith part (X;,vy;) from (X,y). Let ,8;{;:8)0 be the LASSO solution obtained using
(X(_i), y(_i)). Let n; be the number of data points in the ith data/response pair (X;,y;). For a
given value of A define the average cross validated mean squared error as:

) 2
(yl- X, [3l(a;30> H (7.1)
2

13



Given a range of palusible values for A we choose the optimal A as the one that minimizes the
average cross validated mean squared error:

A" = arg min, CV pr5e()) (7.2)

Figure 1 shows the process of choosing A for an example data set using 10-fold cross-validation.
Figure 2 shows the optimal LASSO fit using A\* from Figure 1 as well as the estimated LASSO
coefficients.

0.285 T T T T T

0.281 §

0.275

0.27

0.265

0.26 Optimal A

Mean MSE error across folds

0.255[ ]
0.25} .
0.245 : * * : *
0 1 2 3 4 5 6
3

Figure 1: Average mean squared error across cross-validation folds (10-fold cross-validation) versus
the regularization parameter A for an example data set. Arrow shows the location of A*.

8 Conclusions

This goal of this tutorial was to provide a simple yet self-contained introduction to the LASSO
[Tibshirani, 1996] technique for L, regularized linear regression. We discussed an efficient algorithm
for optimizing the LASSO objective function - the ”shooting algorithm” of Fu [1998]. From a
practical point of view, we suggest a cross-validation based approach for choosing the regularization
parameter A\. We encourage the reader to learn more about LASSO by visiting Rob Tibshirani’s
LASSO page: http://wwu-stat.stanford.edu/~tibs/lasso.html.

MATLAB code for estimating a LASSO model along with example data can be downloaded from:
http://www.gautampendse.com/software/lasso/webpage/lasso_shooting.html.

14
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Figure 2: (a) Overlay of noisy data, true data and the LASSO fit obtained using A* from Figure 1
(b) The true coefficients versus the LASSO estimated coefficients using A* from Figure 1.
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